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Abstract
The paper considers tests for the presence of a random walk component
in a stationary or trend stationary time series and extends them to series
which contain structural breaks. The locally best invariant (LBI) test is
derived and the asymptotic distribution obtained. Then a modified test
statistic is proposed. The advantage of this statistic is that its asymptotic
distribution is not dependent on the location of the breakpoint and its
form is that of the generalised CramJr-von Mises distribution, with
degrees of freedom depending on the number of breakpoints. The
performance of this modified test is shown, via some simulation
experiments, to be comparable to that of the LBI test. An unconditional
test, based on the assumption that there is a single break at an unknown
point is also examined. The use of the tests is illustrated with data on the
flow of the Nile and US Gross National Product.
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4 Lqwurgxfwlrq
D whvw iru wkh suhvhqfh ri d udqgrp zdon frpsrqhqw lq vhulhv zklfk zrxog
rwkhuzlvh eh zklwh qrlvh derxw d frqvwdqw ohyho zdv ghyhorshg e| Q|eorp
dqg Pçnhoçlqhq +4<;6, dqg PdfQhloo +4<:;,1 Lq d Jdxvvldq prgho wklv
whvw lv orfdoo| ehvw lqyduldqw +OEL, dqg xqghu wkh qxoo k|srwkhvlv lw kdv d
nqrzq dv|pswrwlf glvwulexwlrq/ qdpho| wkh Fudpìu0yrq Plvhv glvwulexwlrq1
Wkh whvwv pd| dovr eh dssolhg zkhq wkh prgho frqwdlqv d ghwhuplqlvwlf wlph
wuhqg/ exw zlwk d glhuhqw dv|pswrwlf glvwulexwlrq xqghu wkh qxoo k|srwkhvlv1
Li wkh prgho lv h{whqghg vr wkdw wkh xqghuo|lqj vhulhv lv jhqhudwhg e| dq|
lqghwhuplqlvwlf vwdwlrqdu| vwrfkdvwlf surfhvv/ d qrqsdudphwulf fruuhfwlrq fdq
eh pdgh vr wkdw d vwdwlvwlf zlwk wkh vdph dv|pswrwlf glvwulexwlrq lv rewdlqhg1
Wklv lv nqrzq dv wkh NSVV whvw diwhu Nzldwnrzvnl/ Skloolsv/ Vfkplgw dqg
Vklq +4<<5,1 Sdudphwulf surfhgxuhv kdyh ehhq sursrvhg e| Oh|erxuqh dqg
PfFdeh +4<<7, dqg Kduyh| dqg Vwuhleho +4<<:,1
Wkh deryh whvwv kdyh kljk srzhu djdlqvw dowhuqdwlyh k|srwkhvhv lq zklfk
wkh ohyho ru wuhqg frqwdlqv d vpdoo qxpehu ri euhdnv exw lv rwkhuzlvh gh0
whuplqlvwlf1 Lqghhg Jdugqhu +4<9<, dqg Q|eorp +4<;<, surylgh d irupdo
mxvwlfdwlrq iru wkhlu xvh djdlqvw vxfk dowhuqdwlyhv1 Wkxv li vwuxfwxudo euhdnv
duh nqrzq wr eh suhvhqw lw lv ylwdo wr wdnh dffrxqw ri wkhp li d whvw djdlqvw
d udqgrp zdon frpsrqhqw lv wr eh fduulhg rxw1 Wklv duwlfoh ghyhorsv OEL
whvwv zkhq wkhuh duh euhdnv lq wkh ohyho dqg2ru wkh vorsh dw nqrzq srlqwv
lq wlph dqg wkh dv|pswrwlf glvwulexwlrqv ri wkh whvw vwdwlvwlfv duh ghulyhg
xqghu wkh qxoo k|srwkhvlv1 Zkhq wkhuh duh qr uhvwulfwlrqv rq wkh irup ri
wkh euhdnv/ iru h{dpsoh wkh uhtxluhphqw wkdw wkh ghwhuplqlvwlf wuhqg eh
slhfhzlvh frqwlqxrxv/ dqg wkh| duh htxdoo| vsdfhg/ lw lv vkrzq wkdw wkh dv0
|pswrwlf glvwulexwlrqv ehorqj wr wkh Fudpìu0yrq Plvhv idplo|1 Ri frxuvh
euhdnv duh qrw htxdoo| vsdfhg lq jhqhudo exw d voljkw prglfdwlrq jlyhv whvw
vwdwlvwlfv zlwk wkh vdph dv|pswrwlf glvwulexwlrqv dv lq wkh htxdoo| vsdfhg
fdvh1 Wkxv wkh fulwlfdo ydoxhv ghshqg rqo| rq wkh qxpehu ri euhdnv dqg rq
zkhwkhu ru qrw d wlph wuhqg lv lqfoxghg1 Wklv lv lpsruwdqw/ vlqfh dowkrxjk
lw pd| eh ihdvleoh wr wdexodwh fulwlfdo ydoxhv iru d vlqjoh euhdn dw glhuhqw
srlqwv lq wkh vdpsoh/ frqvwuxfwlqj wdeohv zkhq wkhuh duh wzr ru pruh euhdnv
lv lpsudfwlfdo1
Wkh whvwv khuh duh iru vlwxdwlrqv lq zklfk wkh prgho lv +wuhqg, vwdwlrqdu|
xqghu wkh qxoo dqg qrqvwdwlrqdu| xqghu wkh dowhuqdwlyh1 Vxfk whvwv duh wr
eh frqwudvwhg zlwk wkrvh lq wkh xqlw urrw olwhudwxuh zkhuh wkh qxoo ri qrq0
vwdwlrqdulw| lv whvwhg djdlqvw dq dowhuqdwlyh ri vwdwlrqdulw|1 Wkh xqlw urrw
whvwv duh qrupdoo| fduulhg rxw zlwklq dq dxwruhjuhvvlyh iudphzrun/ zlwk wkh
dxjphqwhg Glfnh|0Ixoohu +DGI, whvw ehlqj/ lq vrph vhqvh/ dqdorjrxv wr
NSVV1 Shuurq +4<;<, prglhg wkh Glfnh|0Ixoohu whvw iru prghov frqwdlqlqj
h{rjhqrxv vwuxfwxudo euhdnv dqg ghulyhg wkh uhohydqw dv|pswrwlf glvwulex0
4
wlrqv1 Dowkrxjk rxu whvwv duh qrw gluhfwo| frpsdudeoh zlwk wkrvh ri Shuurq/
ehfdxvh ri wkh uhyhuvdo ri wkh qxoo dqg dowhuqdwlyh k|srwkhvhv/ lw lv zruwk
qrwlqj wkdw wkhuh lv qr prglhg yhuvlrq ri klv whvwv iru zklfk wkh dv|pswrwlf
glvwulexwlrq ghshqgv rqo| rq wkh qxpehu ri euhdn srlqwv1
Doo wkh whvwv phqwlrqhg vr idu dvvxph wkdw wkh orfdwlrqv ri wkh euhdn
srlqwv duh nqrzq1 Wklv pd| zhoo eh wkh fdvh li wkhuh duh nqrzq lqwhuyhq0
wlrqv ru srolf| fkdqjhv1 Krzhyhu/ li srvvleoh euhdnv duh ghwhfwhg iurp d
vwdwlvwlfdo dqdo|vlv ru d ylvxdo lqvshfwlrq ri wkh gdwd/ wkh whvwv duh qr orqjhu
ydolg1 Surfhhglqj lq wklv zd| eldvhv wkh whvwv lq idyrxu ri wkh vwdwlrqdu0
lw| k|srwkhvlv1 Li/ rq wkh rwkhu kdqg/ lw lv nqrzq d sulrul/ wkdw wkhuh lv d
euhdn/ exw dw dq xqnqrzq orfdwlrq/ ]lyrw dqg Dqguhzv +4<<5, vkrzhg wkdw
Shuurq*v whvwlqj surfhgxuh frxog eh ohjlwlpdwho| dssolhg e| hqgrjhqrxvo|
vhohfwlqj wkh euhdnsrlqw vr dv wr jlyh wkh ohdvw idyrxudeoh uhvxow iru wkh qxoo
k|srwkhvlv ri d xqlw urrw1 D vlplodu lghd fdq eh dssolhg iru whvwlqj wkh qxoo
ri vwdwlrqdulw|1
Wkh sodq ri wkh sdshu lv dv iroorzv1 Diwhu uhylhzlqj wkh OEL whvwv iru d
udqgrp zdon frpsrqhqw lq vhfwlrq 5/ zh ghulyh wkh whvwv zkhq vwuxfwxudo
euhdnv duh suhvhqw lq vhfwlrq 61 Vhfwlrq 7 orrnv dw wkh prglhg whvwv dqg uh0
sruwv vrph vlpxodwlrq h{shulphqwv zklfk vkrz wkdw wkhlu vl}h dqg srzhu duh
frpsdudeoh wr wkrvh ri wkh fruuhvsrqglqj OEL whvwv1 Vhfwlrq 8 orrnv dw whvwv
zkhq wkh wkhuh lv d vlqjoh euhdn dw dq xqnqrzq srlqw dqg vhfwlrq 9 glvfxvvhv
krz vhuldo fruuhodwlrq pd| eh kdqgohg1 Vhfwlrq : looxvwudwhv wkh whvwv zlwk
wzr gdwd vhwv/ wkh  rz ri wkh Qloh dqg XV JQS1 Vhfwlrq ; glvfxvvhv krz
wkh whvwv fdq eh fduulhg rxw lq wkh suhvhqfh ri vhdvrqdolw| dqg wkhq lqyhvwl0
jdwhv wkh hhfwv ri euhdnv rq wkh Fdqryd0Kdqvhq whvw djdlqvw qrqvwdwlrqdu|
vwrfkdvwlf vhdvrqdolw|1 Frqfoxvlrqv dqg h{whqvlrqv duh lq vhfwlrq <1
5 Whvwlqj djdlqvw wkh suhvhqfh ri d udqgrp zdon frp0
srqhqw
Frqvlghu d prgho frqwdlqlqj d wlph wuhqg/ d vhw ri vwulfwo| h{rjhqrxv uhjuhv0
vruv/  |c dqg d udqgrp zdon/ wkdw lv
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Wkhuh lv qr vorsh lq prgho do dqg vr wkh rqo| euhdn lv lq wkh ohyho1 Wkh
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Wkh xsshu wdlo shufhqwdjh srlqwv ri wkh deryh dv|pswrwlf glvwulexwlrqv
duh uhsruwhg lq wdeoh 4 iru glhuhqw ydoxhv ri b1 Dv lq Nzldwnrzvnl hw do
+4<<5,/ wkh| duh rewdlqhg e| vlpxodwlqj hpslulfdo dssur{lpdwlrqv wr Eurzq0
ldq prwlrqv zlwk vdpsohv vl}h ri 4333 dqg 43333 uhsolfdwlrqv1 Zh xvh wkh
udqgrp qxpehuv jhqhudwru ri wkh pdwul{ surjudpplqj odqjxdjh R[> vhh
Grruqln +4<<9,1 Wkh jxuhv iru b $ f ru b $  fruuhvsrqg wr wkh fulwlfdo
ydoxhv iru wkh Fudpìu0yrq Plvhv glvwulexwlrqv ri wkh suhylrxv vhfwlrq1 Dv
h{shfwhg/ wkh shufhqwdjh srlqwv 0dv ixqfwlrqv ri b0 duh v|pphwulf durxqg
b ' *2c zklfk lv dovr wkh plqlpxp iru prghov c 2 dqg 5e1
9
Iru prghov do dqg d2o wkh dv|pswrwlf glvwulexwlrqv fdq eh fkdudfwhul}hg
lq whupv ri wzr lqghshqghqw Fudpìu0yrq Plvhv glvwulexwlrq1 Wr vhh wkdw wklv
lv wkh fdvh/ uvw qrwlfh wkdw zh fdq uhzulwh wkh vwdwlvwlf dv
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vlqfh iurp wkh ROV ruwkrjrqdolw| frqglwlrqv
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+| duh wkh dyhudjhv lq wkh
uvw dqg vhfrqg vxevdpsohv uhvshfwlyho|1 D vlplodu uhvxow krogv iru prgho ^5`
zkhuh wkh wzr vhwv ri uhvlgxdov duh rewdlqhg iurp uhjuhvvlqj rq d frqvwdqw
dqg d wlph wuhqg1 Wkxv wkh uhvlgxdov duh lqghshqghqw dfurvv vxevdpsohv
dqg wkh iroorzlqj sursrvlwlrq krogv1
Sursrvlwlrq 51 Ohw i+|j eh jhqhudwhg xqghu wkh qxoo k|srwkhvlv ri prgho c
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 duh lqghshqghqw Eurzqldq eulgjhv dqg 2E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E duh lqghshqghqw vhfrqg ohyho Eurzqldq eulgjhv1 Khqfh wkh vwdwlvwlfv
duh zhljkwhg dyhudjhv ri wzr lqghshqghqw Fudpìu0yrq Plvhv glvwulexwlrqv1
Wklv lv d yhu| vlpsoh zd| wr fkdudfwhul}h wkh dv|pswrwlf glvwulexwlrq dqg
lw lv wulyldoo| jhqhudol}deoh wr wkh fdvh ri pruh wkdq rqh euhdn1 Qrwh wkdw li
wkh euhdnv duh htxlvsdfhg wkh glvwulexwlrq ri wkh vwdwlvwlf +zkhq pxowlsolhg
e| irxu, frqyhujhv wr wkh vxp ri wzr udqgrp yduldeohv zlwk lqghshqghqw
Fudpìu0yrq Plvhv glvwulexwlrqv1 Ri frxuvh dvvxplqj htxlvsdfhg euhdnv lv
qrw dssursuldwh lq jhqhudo1 Krzhyhu/ wkh vdph dgglwlylw| surshuw| fdq eh
rewdlqhg diwhu d voljkw prglfdwlrq ri wkh whvw vwdwlvwlf/ dv vxjjhvwhg lq wkh
iroorzlqj vhfwlrq1 E| grlqj wklv zh fdq holplqdwh wkh ghshqghqfh rq wkh
sdudphwhu b lq wkh dv|pswrwlf glvwulexwlrq1
7 D vlpsolhg whvw
Wkh Fudpìu0yrq Plvhv glvwulexwlrq fdq eh uhsuhvhqwhg e| d vhulhv h{sdqvlrq
ri lqghshqghqw 2E yduldeohv/ wkdw lv
 '
]

f
Eo2_o '
"[
'
EZ322 E +49,
:
Wkh surri iroorzv iurp wkh dujxphqw lq Jlkpdq0Vnrurkrg +4<:7/ s1 55<0
563,> vhh dovr Q|eorp +4<;<,1 Wklv doorzv xv wr fkdudfwhulvh wkh jhqhudolvhg
Fudpìu0yrq Plvhv glvwulexwlrq zlwk & ghjuhhv ri iuhhgrp dv
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zlwk wkh lqwhuhvwlqj fruurodu| wkdw/ ehfdxvh ri wkh dgglwlyh surshuw| ri
fkl0vtxduh glvwulexwlrqv/ wkh vxp ri & lqghshqghqw udqgrp yduldeohv zlwk
+4, glvwulexwlrqv lv +& Wkh vdph dgglwlylw| surshuw| krogv iru d
vhfrqg ohyho Fudpìu0yrq Plvhv glvwulexwlrq/ 2E& Wkh vhulhv h{sdqvlrq
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zkhuh 2E lv d vhfrqg ohyho Eurzqldq eulgjh dv lq +<,/ dqg ) lv ghqhg e|
)
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 ' c 2c ( vhh Q|eorp +4<;9,1
Ehdulqj wkh deryh lq plqg/ zh sursrvh wkh iroorzlqj whvw vwdwlvwlfv iru
prghov ^4` dqg ^5`=
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Wkxv zh holplqdwh wkh zhljkwv lq +D,1 Wkh vwdwlvwlfv vwloo ghshqg rq wkh
orfdwlrq ri wkh euhdnsrlqw/ exw wkhlu dv|pswrwlf glvwulexwlrqv gr qrw vlqfh
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Qrw kdylqj wr frqvxow d wdeoh jlylqj wkh glvwulexwlrq ri wkh whvw vwdwlvwlf
iru doo wkh srvvleoh ydoxhv ri b lv d elj dgydqwdjh> frpsduh wkh xqlw urrw
whvwv lq Shuurq +4<;<,1 Ixuwkhupruh wkh whvw lpphgldwho| jhqhudolvhv wr
fdvhv zkhuh wkhuh duh vhyhudo vwuxfwxudo euhdnv1 Li wkhuh duh & euhdnv dw
wlphv   ' bA 	  	  & ' b&A wkh whvw vwdwlvwlf lv
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zkhuh  f ' f dqg  &n ' A Wkh glvwulexwlrq ri wklv vwdwlvwlf frqyhujhv wr d
+vhfrqg0ohyho, jhqhudolvhg Fudpìu0yrq Plvhv glvwulexwlrq zlwk &n  ghjuhhv
ri iuhhgrp1 Wkh dgydqwdjh lv qrz hyhq juhdwhu vlqfh frqvwuxfwlqj wdeohv iru
doo sdwwhuqv ri & euhdnsrlqwv zrxog eh h{wuhpho| fxpehuvrph1
;
Wkh xsshu wdlo shufhqwdjh srlqwv iru jhqhudolvhg Fudpìu0yrq Plvhv glv0
wulexwlrqv duh wdexodwhg lq Q|eorp +4<;<,/ Fdqryd dqg Kdqvhq +4<<8, dqg
Q|eorp dqg Kduyh| +4<<:,/ dqg uhsruwhg lq wdeoh 51
Krz jrrg lv wklv vlpsolhg whvwB Wdeoh 6 frpsduhv wkh OEL whvw/ edvhg
rq +46,/ dqg wkh vlpsolhg whvw/ +4;,/ lq whupv ri vl}h dqg srzhu e| d Prqwh
Fduor h{shulphqw1 Wkh prgho zlwk d euhdn lq ohyho dqg vorsh/ prgho 5/
zdv vlpxodwhg 8333 wlphv iru glhuhqw ydoxhv ri b dqg ^ ' j2
#
*j2c wkh whvw
vwdwlvwlfv zhuh frpsxwhg dqg wkh qxpehu ri uhmhfwlrqv zdv frxqwhg iru 8(
dv|pswrwlf fulwlfdo ydoxhv rewdlqhg iurp wdeoh 4e iru wkh OEL whvw dqg iurp
wdeoh 5e iru wkh vlpsolhg whvw1 Iru b ' fD wkh wzr whvwv duh wkh vdph/
h{fhsw wkdw wkh fulwlfdo ydoxh ri wkh OEL whvw lv rqh txduwhu ri wkh fulwlfdo
ydoxh ri wkh prglhg whvw1 Iru rwkhu ydoxhv ri b wkh vl}h dqg srzhu duh
frpsdudeoh/ zlwk wkh OEL ehlqj fohduo| vxshulru rqo| lq wkh uhjlrq forvh wr
wkh qxoo k|srwkhvlv dqg iru wkh euhdn srlqw qhdu wkh ehjlqqlqj ru hqg ri wkh
vdpsoh1 Wkh frqfoxvlrqv duh vlplodu iru vdpsohv ri 433 dqg 5331
Wkh deryh h{shulphqw zdv uhshdwhg iru d gdwd jhqhudwlqj surfhvv zlwk
wzr vwuxfwxudo euhdnv/ dqg qr vorsh/ zlwk wkh euhdnv orfdwhg lq d ydulhw| ri
srvlwlrqv1 Wkh 8( dv|pswrwlf fulwlfdo ydoxhv iru wkh OEL vwdwlvwlf/ 1

Ebc b2c
duh uhsruwhg lq wdeoh 7 dqg wkhq wkh shuirupdqfh ri wkh vlpsolhg whvw/ 1

E2c
lv frpsduhg zlwk wkh OEL whvw lq wdeoh 81 Wkh frqfoxvlrqv duh vlplodu wr wkrvh
uhdfkhg iru wkh fdvh ri d vlqjoh euhdn/ zlwk wkh vlpsolhg whvw kdylqj d vl}h
forvh wr wkh qrplqdo dqg srzhu frpsdudeoh zlwk wkh OEL whvw1
8 Xqnqrzq euhdnsrlqw
Wkh whvwv ri wkh odvw wzr vhfwlrqv ghshqg rq nqrzlqj wkh orfdwlrq ri wkh
euhdnsrlqwv1 Lq vrph lqvwdqfhv rqh zrxog olnh wr whvw iru wuhqg vwdwlrqdulw|
xqghu wkh dvvxpswlrq wkdw wkhuh pd| eh d vlqjoh euhdn lq dq xqnqrzq
srvlwlrq1
Iru d vlqjoh vwuxfwxudo euhdn dw dq xqnqrzq srlqw/ zh frqvlghu d vhw
ri xqfrqglwlrqdo whvwv/ rewdlqhg e| iroorzlqj wkh dujxphqw lq ]lyrw dqg
Dqguhzv +4<<5,1 Wkh lghd lv wr fkrrvh wkh euhdnsrlqw wkdw jlyhv wkh prvw
idyrxudeoh uhvxow iru wkh qxoo k|srwkhvlv ri wuhqg vwdwlrqdulw| xvlqj wkh 1
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vwdwlvwlf/ wkdw lv
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zkhuh \ lv d forvhg vxevhw ri wkh lqwhuydo +3/4,1
Wkh glvwulexwlrq ri h1

zloo ghshqg qrw rqo| rq wkh orfdwlrq ri wkh wuxh
euhdnsrlqw/ ghqrwhg bfc exw dovr rq wkh pdjqlwxgh ri wkh ohyho dqg2ru vorsh
vkliw/ B/ ehfdxvh hdfk 1

Eb vwdwlvwlf zloo ghshqg rq wkh odwwhu zkhq lw lv
frpsxwhg iru d euhdnsrlqw glhuhqw iurp bf1 Wkh iroorzlqj dvvxpswlrq rq
wkh pdjqlwxgh ri wkh vkliw doorzv xv wr ghulyh wkh dv|pswrwlf glvwulexwlrq ri
<
h1

1
Vkliw dvvxpswlrq1 Wkh pdjqlwxgh ri wkh vkliwv Bc B> dqg Bq lq +<, wr
+45, ghfuhdvhv wr }hur zlwk wkh vdpsoh vl}h dw d udwh idvwhu wkdq A3*2 iru B
dqg B> dqg dw d udwh idvwhu wkdq A
3*2 iru Bq
Zkhwkhu wklv dvvxpswlrq lv d uhdvrqdeoh rqh lv rshq wr txhvwlrq1 Krz0
hyhu/ lq wkh olwhudwxuh rq euhdnsrlqw hvwlpdwlrq/ Edl +4<<7/ 4<<:, dvvxphv
wkdw wkh pdjqlwxgh ri wkh vkliw vkulqnv wr }hur dw d udwh vorzhu wkdq A3*2
lq rughu wr ghulyh wkh dv|pswrwlf glvwulexwlrq ri wkh euhdnsrlqw hvwlpdwru1
Lq rxu fdvh/ wkh udwh lv idvwhu1 Qrwh wkdw wkh dvvxpswlrq fryhuv wkh fdvh ri
qr euhdn dfwxdoo| rffxulqj1
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zkhuh Eoc b lv ghqhg dv lq sursrvlwlrq 41
Wkh sursrvlwlrq lv suryhg lq wkh dsshqgl{1 Iluvw zh suryh wkdw/ xqghu
vkliw dvvxpswlrq/ wkh dv|pswrwlf glvwulexwlrq ri sursrvlwlrq 6 vwloo krogv
zkhq wkh orfdwlrq ri wkh euhdnsrlqw lv zurqjo| dvvxphg1 Wkhq lw lv vx!flhqw
wr dsso| wkh frqwlqxrxv pdsslqj wkhruhp dv lq ]lyrw dqg Dqguhzv +4<<5,
wr jhw wkh uhvxow1 Qrwh wkdw d fr0lqwhjudwlrq whvw fruuhvsrqglqj wr fdvh
do lv sursrvhg e| Kdr+4<<9,/ exw kh grhv qrw dssduhqwo| pdnh wkh vkliw
dvvxpswlrq1
Wdeoh 9 surylghv wkh dv|pswrwlf fulwlfdo ydoxhv iru wkh vwdwlvwlf h1

c  '
c 2c2@c 2Kc rewdlqhg e| vlpxodwlrq iru d vdpsoh vl}h ri A '833 xvlqj 8333
uhsolfdwlrqv1 Hdfk uhsolfdwlrq |lhoghg rqh ydoxh ri 1

Eb iurp lwv dv|pswrwlf
glvwulexwlrq iru doo srvvleoh euhdnsrlqwv +5 wr 7<<,1 Wkh plqlpxp ri wkhvh
ydoxhv zdv wdnhq dv d uhdol}dwlrq iurp wkh glvwulexwlrq ri wkh lqi0vwdwlvwlf/
h1

1
9 Vhuldo fruuhodwlrq
Wkh euhdn srlqw whvwv fdq eh h{whqghg wr prghov zkhuh 0| lv vhuldoo| fruuh0
odwhg1 Wkh qrqsdudphwulf fruuhfwlrq ri Nzldwnrzvnl hw do1 +4<<5, fdq eh
dssolhg vwudljkwiruzdugo| wr |lhog vwdwlvwlfv
1

Ebc  '
AS
|'
E
|S
r'
e
r
2
A 2r2E
c  ' c 2c2@c 2Kc +55,
zlwk wkh vdph olplwlqj glvwulexwlrqv dv wkh fruuhvsrqglqj 1

Eb whvwv1 Wkh
frqvlvwhqf| ri wkh whvwv iroorz iurp wkh dujxphqw lq Nzldwnrzvnl hw do1
43
+4<<5, surylghg  lv r+W,1 Wkh vlpsolhg vwdwlvwlfv sursrvhg lq vhfwlrq 7 dqg
wkh xqnqrzq euhdnsrlqw vwdwlvwlfv ri vhfwlrq 8 fdq eh dphqghg lq wkh vdph
zd|1 Qrwh wkdw lw pljkw vrphwlphv eh vhqvleoh wr hvwlpdwh wkh orqj uxq
yduldqfh vhsdudwho| lq hdfk vxevdpsoh1
Dv zdv qrwhg hduolhu wkh NSVV fruuhfwlrq fdq ohdg wr vl}h glvwruwlrq
dqg2ru orz srzhu1 Dq dowhuqdwlyh vwudwhj|/ sursrvhg e| Kduyh| dqg Vwuhleho
+4<<:, lv wr irupxodwh d vwuxfwxudo wlph vhulhv prgho dqg wkhq frqvwuxfw wkh
whvw vwdwlvwlf xvlqj wkh lqqrydwlrqv rewdlqhg e| uxqqlqj wkh Ndopdq owhu
xqghu wkh qxoo k|srwkhvlv zlwk wkh qxlvdqfh sdudphwhuv hvwlpdwhg xqghu
wkh dowhuqdwlyh1 Wkh vdph vwudwhj| zdv dgyrfdwhg e| Oh|erxuqh dqg Pf0
Fdeh +4<<7,/ h{fhsw wkdw wkh| zrun lq d voljkwo| ohvv sdudphwulf iudphzrun
edvhg rq prghoolqj 0| e| dq DU+s, surfhvv1 Wkh whvw vwdwlvwlf lv frqvwuxfwhg
iurp wkh lqqrydwlrq vhulhv +W
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+|3Rc zkhuh wkh dxwruh0
juhvvlyh sdudphwhuv duh PO hvwlpdwhv rewdlqhg iurp wwlqj dq DUPD+s/4,
prgho wr uvw glhuhqfhv1 Wkh dv|pswrwlf glvwulexwlrq ri wkh whvw vwdwlvwlf
lv xqfkdqjhg dqg Prqwh Fduor vlpxodwlrqv vkrz wkdw lq qlwh vdpsohv wkh
surfhgxuh kdv ehwwhu vl}h dqg srzhu surshuwlhv wkdq NSVV 1
Erwk wkh Kduyh| dqg Vwuhleho +4<<:, dqg Oh|erxuqh dqg PfFdeh +4<<7,
surfhgxuhv fdq eh xvhg zlwk vwuxfwxudo euhdnv1
: H{dpsohv
Dqqxdo gdwd rq wkh yroxph ri wkh  rz ri wkh Qloh +lq fxelf phwuhv fH lv
vkrzq lq Iljxuh 4> vhh Nrrspdq hw do +4<<8,1 Ilwwlqj d phdq dqg frpsxwlqj
wkh whvw vwdwlvwlf +5, jlyhv d ydoxh ri 1 ' 2D2./ lqglfdwlqj d fohdu uhmhfwlrq ri
wkh qxoo k|srwkhvlv wkdw wkhuh lv qr udqgrp zdon frpsrqhqw> wkh dv|pswrwlf
8( fulwlfdo ydoxh lv 317941 Wkh NSVV whvw jlyhv wkh vdph uhvxow zlwk wkh
vwdwlvwlfv iru  '  dqg : ehlqj 41433 dqg 31:68 uhvshfwlyho|1 Krzhyhu/ lw
lv nqrzq wkdw wkh uvw Dvzdq gdp zdv frqvwuxfwhg lq 4;<< dqg li d ohyho
lqwhuyhqwlrq lv lqfoxghg/ qhlwkhu wkh OEL qru wkh vlpsolhg whvw uhmhfwv wkh
qxoo k|srwkhvlv/ vlqfh 1

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 ' ffHH dqg 1W
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' ff1 Lq idfw d vlpsoh udqgrp
zdon soxv qrlvh prgho zlwk d euhdn lq wkh ohyho surylghv d jrrg w wr wkh
gdwd> vhh Kduyh|/ Nrrspdq dqg Shq}hu +4<<;,1 Wkhuh lv d srvvleoh rxwolhu
lq 4<46/ exw lqfoxglqj d gxpp| yduldeoh lq wkh prgho iru wklv |hdu kdg olwwoh
lpsdfw rq wkh whvw vwdwlvwlfv1 Vlqfh wkh vwdwlrqdu| sduw ri wkh prgho dsshduv
wr eh zklwh qrlvh/ wkh NSVV fruuhfwlrq lv xqqhfhvvdu|/ exw wkh whvw vwdwlvwlfv
iru  '  dqg : duh 313:7 dqg 313<9 dqg vr lw dsshduv wr kdyh olwwoh dgyhuvh
hhfw1
Wkh xqfrqglwlrqdo whvw dovr grhv qrw uhmhfw wkh qxoo k|srwkhvlv/ wkh whvw
vwdwlvwlf wdnlqj wkh ydoxhv 3138;/ 31378 dqg 31385 iru  ' fc c dqg : uhvshf0
wlyho|1 Krzhyhu/ lw lv lqwhuhvwlqj wr qrwh wkdw wkh euhdn srlqw lv orfdwhg dw
4;<: udwkhu wkdq 4;<<1
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Dv d vhfrqg looxvwudwlrq zh dsso| wkh whvwv wr dqqxdo gdwd rq XV uhdo
JQS iru wkh shulrg 4<3<04<:31 Wkhvh gdwd zhuh xvhg lq wkh zhoo0nqrzq
duwlfoh e| Qhovrq dqg Sorvvhu +4<;5,1 Rq wkh edvlv ri dxjphqwhg Glfnh|0
Ixoohu whvwv/ Qhovrq dqg Sorvvhu +4<;5, glg qrw uhmhfw wkh qxoo k|srwkhvlv ri
d xqlw urrw1 Vxevhtxhqwo|/ Shuurq +4<;<, revhuyhg wkdw d vwuxfwxudo euhdn
lv olnho| wr kdyh rffxuhg dw wkh vwduw ri wkh Juhdw Ghsuhvvlrq/ dqg xvlqj klv
whvwlqj surfhgxuh kh zdv deoh wr uhmhfw wkh xqlw urrw k|srwkhvlv lq idyrxu ri d
wuhqg vwdwlrqdu| surfhvv1 ]lyrw dqg Dqguhzv +4<<5, wkhq prglhg Shuurq*v
whvw e| hqgrjhql}lqj wkh euhdnsrlqw/ exw uhdfkhg wkh vdph frqfoxvlrq dv
Shuurq1
Rxu rzq ylhz lv wkdw wkhuh duh d txlwh d qxpehu ri sodfhv zkhuh dq
dujxphqw fdq eh pdgh iru wkh lqwurgxfwlrq ri d euhdn/ ru d vhw ri euhdnv/
lqwr dq hfrqrplf wlph vhulhv olnh JQS1 Wkxv zh duh qrw ghdolqj zlwk d
vlwxdwlrq/ dv lq wkh fdvh ri wkh Qloh/ zkhuh wkhuh lv d zhoo ghqhg hyhqw dw
d sduwlfxodu srlqw lq wlph zklfk rqh zrxog h{shfw wr jlyh ulvh wr d euhdn lq
wkh vhulhv1 Qhyhuwkhohvv/ vxssrvh/ iroorzlqj Shuurq +4<;<, wkdw zh dvvxph
wkhuh lv d nqrzq euhdn diwhu 4<5< + wkdw lv  ' b2b1 Wdeoh :d vkrzv wkh
uhvxowv ri dsso|lqj whvwv zlwk wkh NSVV fruuhfwlrq lq wkh iroorzlqj fdvhv= qr
euhdn/ euhdn lq wkh ohyho/ dqg euhdn lq erwk ohyho dqg vorsh1 Wkh froxpqv ri
wkh wdeoh odehoohg @3 wr @; uhihu wr wkh odj ohqjwk lq wkh NSVV fruuhfwlrq/
zkloh wkh odvw wzr froxpqv uhsruw wkh 8( fulwlfdo ydoxhv iru b ' f dqg
iru b ' fe/ vlqfh wkh euhdn rffxuv lq ehwzhhq/ dw b ' fe Wkh qr euhdn
fdvh zdv uhsruwhg lq Nzldwnrzvnl hw do1 +4<<5,/ zkhuh lw zdv ihow wkdw
wkh hylghqfh idyrxuhg wkh qxoo k|srwkhvlv ri wuhqg vwdwlrqdulw|/ wkrxjk lw
zdv qrwhg wkdw wkh rxwfrph ri wkh whvw ghshqgv rq wkh odj ohqjwk lq wkh
qrqsdudphwulf fruuhfwlrq1 Ilwwlqj wkh Juhdw Fudvk prgho/ wkdw lv d euhdn
lq wkh ohyho dv lq prgho 5d/ ohdgv wr qrq0uhmhfwlrq ri wuhqg vwdwlrqdulw|/
wkrxjk wkh rxwfrph ri wkh whvw lv xqfohdu zkhq zh frqvlghu d euhdn lq erwk
wkh ohyho dqg wkh vorsh1 Wklv qglqj/ wkhq/ lv lq olqh zlwk Shuurq +4<;<,1
Krzhyhu/ wkh xqfrqglwlrqdo whvw/ uhsruwhg lq wdeoh :e iru wkh fdvh ri prgho
5d/ grhv qrw ohdg wr d uhmhfwlrq ri wuhqg vwdwlrqdulw|/ wkrxjk wkh lpsolhg
euhdnsrlqw lv udwkhu plvsodfhg1
Orrnlqj dw wkh judsk ri wkh vhulhv/ lq jxuhv 5 dqg 6/ rqh pljkw htxdoo|
sodxvleo| dvvxph wkdw wkhuh duh wzr euhdnv= rqh dw wkh wlph ri wkh Juhdw
Fudvk dqg rqh lpphgldwho| diwhu wkh Vhfrqg Zruog Zdu1 Iljxuh 6 vkrzv
wkh vhulhv zlwk d wwhg ghwhuplqlvwlf wuhqg dqg euhdnv lq erwk wkh ohyho
dqg wkh vorsh lq 4<5< dqg 4<781 Wdeoh :f vkrzv uhvxowv rewdlqhg zlwk wkh
vlpsolhg whvw/ 1W
2
E2 lq +53,1 Wkhvh lqglfdwh d fohdu uhmhfwlrq ri wkh wuhqg
vwdwlrqdulw| k|srwkhvlv1 Vlqfh wkh euhdnv kdyh ehhq fkrvhq e| h{dplqlqj
wkh gdwd/ lw frxog eh dujxhg wkdw dq xqfrqglwlrqdo whvw zrxog eh pruh ds0
sursuldwh1 Krzhyhu/ wklv whvw lv uhgxqgdqw li wkh qxoo k|srwkhvlv kdv douhdg|
ehhq uhmhfwhg rq wkh dvvxpswlrq ri nqrzq euhdnsrlqwv1
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; Vhdvrqdolw|
Wkh suhvhqfh ri vhdvrqdo gxpplhv zloo qrw dhfw wkh dv|pswrwlf glvwulex0
wlrqv ri wkh whvw vwdwlvwlfv ghvfulehg vr idu1 Li wkh vhdvrqdo sdwwhuq hyroyhv
dffruglqj wr d qrqvwdwlrqdu| surfhvv zlwk frpsoh{ xqlw urrwv/ lw fdq eh
prghoohg h{solflwo| dv vxjjhvwhg e| Kduyh| dqg Vwuhleho +4<<:, ru uhqghuhg
vwdwlrqdu| e| dq dssursuldwh wudqvirupdwlrq1
Fdqryd dqg Kdqvhq +4<<8, ghyhorshg d surfhgxuh/ dqdorjrxv wr wkh
NSVV whvw/ iru whvwlqj djdlqvw wkh k|srwkhvlv wkdw d vhulhv frqwdlqv d qrq0
vwdwlrqdu| vhdvrqdo frpsrqhqw1 Li doo wkh vhdvrqdo iuhtxhqflhv duh lqfoxghg/
wkh dv|pswrwlf glvwulexwlrq ri wkh uhvxowlqj whvw vwdwlvwlf xqghu wkh qxoo lv
Er   Dv vkrzq lq Kduyh| dqg Vwuhleho +4<<:,/ wkh lqfoxvlrq ri d
wlph wuhqg grhv qrw dhfw wklv dv|pswrwlf glvwulexwlrq1 Wkxv 2Er  
lv qrw dssursuldwh xqohvv vhdvrqdo vorshv/ dv xvhg/ iru h{dpsoh/ e| Surhwwl
+4<<;,/ duh lqfoxghg lq wkh prgho> wklv fdq eh vkrzq e| dq h{whqvlrq ri wkh
dujxphqw lq Kduyh| dqg Vwuhleho +4<<:/ dsshqgl{,1
Wkh suhvhqfh ri euhdnv lq wkh ohyho dqg2ru vorsh zloo qrw dhfw wkh dv0
|pswrwlf glvwulexwlrq ri wkh Fdqryd0Kdqvhq whvw1 Krzhyhu/ d euhdn lq wkh
vhdvrqdo sdwwhuq zloo1 Wkh dv|pswrwlf glvwulexwlrq ri wkh OEL whvw vwdwlv0
wlf frxog eh ghulyhg1 Wklv zrxog eh whglrxv wr gr/ exw wkh vlpsolhg whvw
vwdwlvwlf/ edvhg rq wkh uhvlgxdov rewdlqhg ehiruh dqg diwhu wkh euhdn/ kdv d
E2r2 dv|pswrwlf glvwulexwlrq1 Zlwk & euhdnv lq wkh vhdvrqdo sdwwhuq
wkh ghjuhhv ri iuhhgrp zrxog eh &Er 
< Frqfoxvlrqv
Wklv sdshu kdv ghulyhg wkh OEL whvw iru wkh suhvhqfh ri d udqgrp zdon
frpsrqhqw lq d vhulhv zlwk vwuxfwxudo euhdnv dw nqrzq srlqwv1 Zh wkhq
sursrvhg d vlpsolhg whvw lq zklfk wkh dv|pswrwlf glvwulexwlrq ri wkh whvw
vwdwlvwlf lv qrw ghshqghqw rq wkh orfdwlrq ri wkh euhdnsrlqw1 Wkh dv|pswrwlf
glvwulexwlrq lv wkh jhqhudolvhg Fudpìu0yrq Plvhv glvwulexwlrq/ zlwk ghjuhhv
ri iuhhgrp ghshqglqj rq wkh qxpehu ri euhdn srlqwv1 Wkh shuirupdqfh
ri wklv vlpsolhg whvw zdv vkrzq/ yld vrph vlpxodwlrq h{shulphqwv/ wr eh
frpsdudeoh wr wkdw ri wkh OEL whvw/ zlwk wkh OEL whvw ehlqj vxshulru rqo|
lq wkh uhjlrq forvh wr wkh qxoo k|srwkhvlv dqg iru wkh euhdn srlqw qhdu wkh
ehjlqqlqj ru hqg ri wkh vdpsoh1
Dq xqfrqglwlrqdo whvw/ edvhg rq wkh dvvxpswlrq wkdw wkhuh lv d vlqjoh
euhdn dw dq xqnqrzq srlqw/ zdv irupxodwhg dqg fulwlfdo ydoxhv frpsxwhg1
Krzhyhu/ wkh h{dpsohv looxvwudwh wkdw wkh euhdnsrlqw orfdwhg e| wkh whvw
pd| qrw qhfhvvdulo| eh wkh fruuhfw ru prvw dssursuldwh rqh1
Vhuldo fruuhodwlrq fdq eh kdqgohg e| d qrqsdudphwulf fruuhfwlrq wr wkh
whvw vwdlvwlfv ru e| h{solflwo| prghoolqj wkh vhulhv1 Vhdvrqdo hhfwv fdq dovr
46
eh doorzhg iru lq wklv zd|1 Wkh whvwv fdq dovr eh dssolhg lq wkh frqwh{w ri
fr0lqwhjudwlrq zkhq d jlyhq fr0lqwhjudwlqj yhfwru lv k|srwkhvl}hg1
Wkh dv|pswrwlf glvwulexwlrq ri wkh whvw iru wkh suhvhqfh ri qrqvwdwlrqdu|
vwrfkdvwlf vhdvrqdolw| lv qrw dhfwhg e| vwuxfwxudo euhdnv lq wkh wuhqg1 Lw lv
dhfwhg e| d euhdn lq wkh vhdvrqdo sdwwhuq exw djdlq wkh vlpsolhg whvw kdv
d Fudpìu0yrq Plvhv glvwulexwlrq1
DFNQRZOHGJHPHQWV
Zh zrxog olnh wr wkdqn Mxnnd Q|eorp dqg doo wkh sduwlflsdqwv lq wkh
OVH Hfrqrphwulfv Zrunvkrs iru khosixo frpphqwv rq dq hduolhu gudiw1 Ri
frxuvh zh ehdu vroh uhvsrqvlelolw| iru dq| huuruv1
47
43 DSSHQGL[
4314 Surri ri Sursrvlwlrq 4
Wr suryh wkh sursrvlwlrq zh xvh wkh iroorzlqj wzr ohppdv +zkrvh surriv
duh wulyldo,1 Wkh uvw ohppd frqwdlqv dv|pswrwlf dssur{lpdwlrqv ri vrph
ixqfwlrqv ri wlph/ zkloh wkh vhfrqg rqh ghdov zlwk vlpsoh dssolfdwlrqv ri
wkh lqyduldqfh sulqflsoh dqg frqwlqxrxv pdsslqj wkhruhp1 Lqwurgxfh wkh
qrwdwlrqv
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zkhuh ` E lv d vwdqgdug Zlhqhu surfhvv +Eurzqldq prwlrq,1
Frqvlghu prgho 5 uvw +wkh surri iru prgho 4 lv d vshfldo fdvh,1 Xqghu
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zkhuh 2Eoc b lv ghqhg lq sursrvlwlrq 41 Wklv/ wkh frqwlqxrxv pdsslqj
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Iru prgho 5d zh xvh wkh iroorzlqj sdudphwul}dwlrq xqghu Mf=
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Wkhq/ xvlqj wkh ohppdv deryh/ zh kdyh wkdw wkh sduwldo vxp surfhvv iru wkhvh
uhvlgxdov zhdno| frqyhujhv wr 2@ Ecb dqg wkhuhiruh wkh uhvxow iroorzv1
Lq wkh fdvh ri 5e zh sdudphwul}h wkh prgho dv
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wkh uhvxowlqj wudqviruphg yduldeohv1 Wkhq wkh surmhfwlrq rqwr wkh vsdfh
ri wkh qhz uhjuhvvruv lv ghqhg e| wkh pdwul{  ' ~W E~W~W3~Wc zlwk
hqwulhv
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zlwk @c Kc S ghqhg lq wkh sursrvlwlrq1 Xvlqj  zh fdq djdlq frpsxwh
wkh uhvlgxdov dqg vkrz wkdw wkh sduwldo vxp surfhvv zhdno| frqyhujhv wr
2KEcbc dqg wkh uhvxow iroorzv iurp wkh vdph dujxphqwv dv lq wkh suhylrxv
fdvhv1
4315 Surri ri sursrvlwlrq 6
Ohw bf '  f*A eh wkh wuxh euhdnsrlqw sdudphwhu1 Frqvlghu hdfk ri wkh
prghov +<, wr +45, xqghu wkh qxoo k|srwkhvlv ri qr udqgrp zdon dqg uhzulwh
wkhp pruh frpsdfwo| dv
+|Ebf '  |n0| iru |  bfAc
+|Ebf '  | n

|
n0| iru | : bfAc
+56,
4:
zkhuh iru lqvwdqfh iru fdvh ^5`  | ' | ' Ec |c  ' E>fcq
c  ' EB>c Bq
Zh fdq dovr uhzulwh +56, dv
+|Ebf '  

|
 n
|
Ebf

n0|c +57,
zkhuh |Ebf ' |  E| : bfA 
Zkhq zh frpsxwh wkh vwdwlvwlf +54, zh uhjuhvv +|Ebf rq  | dqg z|Eb
iru doo b Vr lw lv xvhixo wr h{suhvv wkh wuxh prgho lq whupv ri z|Eb zlwk b
qrw qhfhvvdulo| htxdo wr bf Frqvlghu wkh fdvh b : bf iru h{dpsoh1 Wkhq
|Ebf ' |Ebn*|Ebfcbc +58,
zkhuh *
|
Ebfcb ' |  EbfA 	 |  bA  Wkhuhiruh zh pd| uhzulwh +57, dv
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 '  
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 n
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n0W
|
Ebc bf +59,
' 3|Eb

#
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
$
n 0
W
|
Ebc bfc +5:,
zkhuh 0W
|
Ebc bf ' 0| n*|Ebc bf
 dqg 3|Eb ' E 

|
c |Eb
 Wkh uhjuhvvlrq
+5:, fruuhvsrqgv wr wkh vhtxhqfh +ryhu b, ri prghov wkdw zh hvwlpdwh wr
frpsxwh wkh vwdwlvwlf +54,1
Ohw~Eb ' W ~Eb E~Eb~Eb
3
~Eb Wkh yhfwru ri ROV uhvlgxdov
iurp uhjuhvvlrq +5:, lv wkhq
iEbc bf ' ~Eb%
WEbc bf +5;,
' ~Eb E% n*Ebc bf +5<,
' iEbc b n~Eb*Ebc bf +63,
Iurp wklv h{suhvvlrq zh ghgxfh wkdw/ xqghu wkh vkliw dvvxpswlrq/ wwlqj
d prgho zlwk d plvvshflhg euhdnsrlqw grhv qrw dowhu wkh dv|pswrwlf glvwul0
exwlrq jlyhq e| sursrvlwlrq 41 Lq idfw~Eb*Ebc bf duh wkh uhvlgxdov iurp
uhprylqj wkh eurnhq wuhqg 3|Eb iurp wkh slhfhzlvh olqhdu yduldeoh )|Ebc bf
Reylrxvo| wkhvh uhvlgxdov duh E zkhq )
|
Ebc bf ' EbfA 	 |  bA  dqg
E| zkhq )
|
Ebc bf ' |  EbfA 	 |  bA  Wkhq wkh sduwldo vxp ri wkh hoh0
phqwv ri ~Eb*Ebc bf lv JEA
*2 xqghu wkh vkliw dvvxpswlrq1 Wkhuhiruh
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, Ec bc +65,
zkhuh wkh surfhvv Ecbc o 5 dfc oc kdv ehhq ghqhg lq sursrvlwlrq 4 iru
wkh fdvhv  ' c 2c 2@c 2K5
5Dowhuqdwlyho| zh frxog kdyh rewdlqhg wkh vdph uhvxow e| nhhslqj wkh pdjqlwxgh ri wkh
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Wkhq/ vlqfh wkh vwdwlvwlf +54, lv ghqhg dv
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c +66,
zkhuh wkh vxevfulsw  kdv ehhq gursshg/ dsso|lqj wkh frqwlqxrxv pdsslqj
wkhruhp dv lq ]lyrw dqg Dqguhzv +4<<5, |lhogv wkh uhvxow1 Wklv lv ehfdxvh wkh
vwdwlvwlf fdq eh h{suhvvhg dv d frqwlqxrxv ixqfwlrqdo ri vwrfkdvwlf surfhvvhv
ghqhg rq wkh xqghuo|lqj lqqrydwlrqv/ 0|/ zkhuh frqwlqxlw| lv dfklhyhg zkhq
\ lv d forvhg vxevhw ri wkh lqwhuydo +3/4,1
vkliw {hg dqg dvvxplqj wkdw m  3m $ 3 vx!flhqwo| idvw dv wkh vdpsoh vl}h lqfuhdvhv1
Iru h{dpsoh iru d euhdn lq wkh ohyho wkh sduwldo vxp ri wkh hohphqwv riP]+,*+> 3, lv
R +m  3mW , > vr wkh dvvxpswlrq m 3m @ r

W
4@5

zrxog eh dghtxdwh1 Lqflghqwdo|/
wklv vkrzv wkdw wkh OEL whvw ri vhfwlrq 6 lv vwloo ydolg zkhq zh grq*w jhw wkh euhdnsrlqw
h{dfwo| exw duh forvh wr lw1 Krzhyhu/ lq wklv vhfwlrq zh duh frqfhuqhg zlwk  vsdqqlqj dq
duelwudu| forvhg vxevhw ri wkh lqwhuydo +3/4,/ vr dvvxpswlrq 4 lv pruh dssursuldwh1
4<
Uhihuhqfhv
^4`Dqghuvrq/ W1Z1 dqg G1D1 Gduolqj +4<85,/ Dv|pswrwlf wkhru| ri fhu0
wdlq *Jrrgqhvv ri Ilw* fulwhuld edvhg rq vwrfkdvwlf surfhvvhv/ Dqqdov ri
Pdwkhpdwlfdo Vwdwlvwlfv 56/ 4<605451
^5`Dqguhzv/ G1M1 +4<<4,/ Khwhurvnhgdvwlflw| dqg dxwrfruuhodwlrq frqvlvwhqw
fryduldqfh pdwul{ hvwlpdwlrq/ Hfrqrphwulfd/ 8</ ;4:0;8;1
^6`Edl/ M1 +4<<7,/ Ohdvw vtxduhv hvwlpdwlrq ri d vkliw lq olqhdu surfhvvhv/
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 48/ 78607:51
^7`Edl/ M1 +4<<:,/ Hvwlpdwlrq ri d fkdqjh srlqw lq pxowlsoh uhjuhvvlrq prg0
hov/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 88408961
^8`Fdqryd/ I1 dqg E1H1 Kdqvhq +4<<8,/ Duh vhdvrqdo sdwwhuqv frqvwdqw ryhu
wlphB D whvw iru vhdvrqdo vwdelolw|/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf
Vwdwlvwlfv/ 5/ 5<5067<1
^9`Grruqln/ M1D1 +4<<9,/ R[= dq remhfw0rulhqwhg pdwul{ odqjxdjh1 Orqgrq=
Lqwhuqdwlrqdo Wkrpvrq Exvlqhvv Suhvv1
^:`Jdugqhu/ O1D1 +4<9<,/ Rq ghwhfwlqj fkdqjhv lq wkh phdq ri qrupdo ydul0
dwhv/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 73/ 44904591
^;`Kdr/ N1 +4<<9,/ Whvwlqj iru vwuxfwxudo fkdqjh lq frlqwhjudwhg uhjuhvvlrq
prghov= vrph frpsdulvrqv dqg jhqhudol}dwlrqv/ Hfrqrphwulf Uhylhzv 48/
734075<1
^<`Kduyh|/ D1F1/ Nrrspdq/ V1M1 dqg M1 Shq}hu +4<<;,/ Phvv| wlph vhulhv/
Dgydqfhv lq Hfrqrphwulfv/ 46 +iruwkfrplqj,1
^43`Kduyh|/ D1F1 dqg P1 Vwuhleho +4<<:,/ Whvwlqj iru qrqvwdwlrqdu| xqre0
vhuyhg frpsrqhqwv/ plphr1
^44`Nlqj/ P1O1 dqg J1K1 Kloolhu +4<;8,/ Orfdoo| ehvw lqyduldqw whvwv ri wkh
huuru fryduldqfh pdwul{ ri wkh olqhdu uhjuhvvlrq prgho/ Mrxuqdo ri Wkh
Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 7:/ <;04351
^45`Nrrspdq/ V1M1/ Kduyh|/ D1F1/ Grruqln M1D1 dqg Q1 Vkhskdug +4<<8,/
VWDPS 813 Vwuxfwxudo wlph vhulhv dqdo|vhu/ prghoohu dqg suhglfwru1 Orq0
grq= Fkdspdq dqg Kdoo1
^46`Nzldwnrzvnl/ G1/ Skloolsv/ S1F1E1/ Vfkplgw/ S1 dqg \1 Vklq +4<<5,/ Whvw0
lqj wkh qxoo k|srwkhvlv ri vwdwlrqdulw| djdlqvw wkh dowhuqdwlyh ri d xqlw
urrw= krz vxuh duh zh wkdw hfrqrplf wlph vhulhv kdyh d xqlw urrwB/ Mrxu0
qdo ri Hfrqrphwulfv 77/ 48<04:;1
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^47`Oh|erxuqh/ V1M1 dqg E1S1P1 PfFdeh +4<<7,/ D frqvlvwhqw whvw iru d xqlw
urrw/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 45/ 48:04991
^48`PdfQhloo/ L1 +4<:;,/ Surshuwlhv ri vhtxhqfhv ri sduwldo vxpv ri sro|qrpldo
uhjuhvvlrq uhvlgxdov zlwk dssolfdwlrqv wr whvwv iru fkdqjh ri uhjuhvvlrq dw
xqnqrzq wlphv/ Dqqdov ri Vwdwlvwlfv 9/ 75507661
^49`Qdeh|d/ V1 dqg N1 Wdqdnd +4<;;,/ Dv|pswrwlf wkhru| ri d whvw iru wkh
frqvwdqf| ri uhjuhvvlrq frh!flhqwv djdlqvw wkh udqgrp zdon dowhuqdwlyh/
Dqqdov ri Vwdwlvwlfv 49/ 54;05681
^4:`Qhovrq/ F1U1 dqg F1L1 Sorvvhu +4<;5,/ Wuhqgv yhuvxv udqgrp zdonv lq
pdfurhfrqrplf wlph vhulhv= vrph hylghqfh dqg lpsolfdwlrqv/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv 43/ 46<04951
^4;`Q|eorp/ M1 +4<;9,/ Whvwlqj iru ghwhuplqlvwlf olqhdu wuhqg lq wlph vhulhv/
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;4/ 878087<1
^4<`Q|eorp/ M1 +4<;<,/ Whvwlqj iru wkh frqvwdqf| ri sdudphwhuv ryhu wlph/
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;7/ 55605631
^53`Q|eorp/ M1 dqg D1F1 Kduyh| +4<<:,/ Whvwv ri frpprq vwrfkdvwlf wuhqgv/
Plphr1
^54`Q|eorp/ M1 dqg W1 Pçnhoçlqhq +4<;6,/ Frpsdulvrq ri whvwv iru wkh suhv0
hqfh ri udqgrp zdon frh!flhqwv lq d vlpsoh olqhdu prgho/ Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :;/ ;890;971
^55`Shuurq/ S1 +4<;<,/ Wkh Juhdw Fudvk/ wkh rlo sulfh vkrfn/ dqg wkh xqlw
urrw k|srwkhvlv/ Hfrqrphwulfd 8:/ 4694047341
^56`Skloolsv/ S1F1E1 dqg S1 Shuurq +4<;;,/ Whvwlqj iru d xqlw urrw lq wlph
vhulhv uhjuhvvlrq/ Elrphwulnd :8/ 66806791
^57`Skloolsv/ S1F1E dqg Y1 Vror +4<<5,/ Dv|pswrwlfv iru olqhdu surfhvvhv/
Dqqdov ri Vwdwlvwlfv 53/ <:4043341
^58`Surhwwl/ W1 +4<<;,/ Vhdvrqdo khwhurvfhgdvwlflw| dqg wuhqgv/ Mrxuqdo ri
Iruhfdvwlqj/ 4:/ 404:1
^59`]lyrw/ H1 dqg G1Z1N1 Dqguhzv +4<<5,/ Ixuwkhu hylghqfh rq wkh Juhdw
Fudvk/ wkh rlo0sulfh vkrfn/ dqg wkh xqlw0urrw k|srwkhvlv/ Mrxuqdo ri Exvl0
qhvv dqg Hfrqrplf Vwdwlvwlfv 43/ 58405:31
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TABLE 1
Upper Tail percentage points of the distribution of the statistic (14) for i=1,2,2a,2b.
(simulated with T=1000, #replications=10000)
i=1: BREAK IN THE LEVEL WITH NO SLOPE.
Lambda
0.900 0.950 0.975 0.990
0.01 0.339 0.456 0.559 0.716
0.1 0.285 0.378 0.471 0.607
0.2 0.225 0.293 0.368 0.478
0.3 0.189 0.246 0.302 0.379
0.4 0.161 0.204 0.245 0.303
0.5 0.150 0.187 0.223 0.264
0.6 0.164 0.207 0.251 0.314
0.7 0.191 0.242 0.295 0.378
0.8 0.231 0.305 0.388 0.484
0.9 0.283 0.378 0.484 0.606
0.99 0.345 0.463 0.581 0.748
i=2: BREAK IN BOTH LEVEL AND SLOPE
Lambda
0.900 0.950 0.975 0.990
0.01 0.119 0.146 0.172 0.213
0.1 0.095 0.120 0.145 0.175
0.2 0.079 0.097 0.114 0.137
0.3 0.064 0.079 0.095 0.112
0.4 0.056 0.066 0.076 0.091
0.5 0.053 0.062 0.071 0.084
0.6 0.056 0.067 0.078 0.092
0.7 0.065 0.079 0.095 0.118
0.8 0.079 0.095 0.115 0.140
0.9 0.097 0.119 0.142 0.173
0.99 0.117 0.145 0.174 0.213
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i=2a: BREAK IN THE LEVEL ONLY
Lambda
0.9 0.95 0.975 0.99
0.01 0.119 0.146 0.172 0.213
0.1 0.096 0.122 0.146 0.177
0.2 0.085 0.103 0.122 0.143
0.3 0.086 0.105 0.121 0.142
0.4 0.097 0.123 0.144 0.178
0.5 0.105 0.133 0.162 0.209
0.6 0.097 0.121 0.145 0.177
0.7 0.085 0.102 0.120 0.144
0.8 0.084 0.103 0.123 0.147
0.9 0.098 0.120 0.143 0.173
0.99 0.117 0.145 0.174 0.213
i=2b: BREAK IN THE SLOPE ONLY
Lambda
0.9 0.95 0.975 0.99
0.01 0.119 0.146 0.176 0.213
0.1 0.101 0.126 0.152 0.186
0.2 0.088 0.108 0.130 0.155
0.3 0.078 0.097 0.114 0.139
0.4 0.072 0.086 0.100 0.119
0.5 0.070 0.083 0.098 0.116
0.6 0.073 0.089 0.104 0.126
0.7 0.078 0.096 0.116 0.145
0.8 0.087 0.109 0.131 0.161
0.9 0.101 0.126 0.151 0.187
0.99 0.117 0.146 0.175 0.213
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TABLE 2
(a) Upper tail percentage points of the CvM1(k) distribution (no time trend)
k 90% 95% 99%
1 0.347 0.461 0.743
2 0.607 0.748 1.074
3 0.841 1.000 1.359
4 1.063 1.237 1.623
(b) Upper tail percentage points of the CvM2(k) distribution (time trend)
k 90% 95% 99%
1 0.119 0.149 0.218
2 0.211 0.247 0.329
3 0.296 0.332 0.428
4 0.377 0.423 0.521
Source: Nyblom and Harvey (1997).
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TABLE 3
Size and power comparison between the LBI statistic (13) and the simplified
statistic (18) for i=2.
i) T=100, #replications=5000.
lambda
q
0.1 0.3 0.5 0.7 0.9
0 0.048 0.054 0.048 0.053 0.047
0.01 0.313 0.221 0.177 0.230 0.325
LBI 0.1 0.884 0.824 0.830 0.819 0.896
1 0.999 0.999 1 1 0.999
10 1 1 1 1 1
0 0.050 0.051 0.048 0.047 0.047
0.01 0.256 0.194 0.177 0.200 0.260
Simplified 0.1 0.852 0.832 0.830 0.831 0.853
1 0.999 1 1 1 0.999
10 1 1 1 1 1
ii) T=200, #replications=5000.
lambda
q
0.1 0.3 0.5 0.7 0.9
0 0.050 0.056 0.042 0.052 0.047
0.01 0.695 0.576 0.534 0.577 0.699
LBI 0.1 0.994 0.989 0.994 0.990 0.993
1 1 1 1 1 1
10 1 1 1 1 1
0 0.049 0.049 0.042 0.041 0.043
0.01 0.634 0.550 0.534 0.560 0.626
Simplified 0.1 0.991 0.991 0.994 0.993 0.990
1 1 1 1 1 1
10 1 1 1 1 1
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TABLE  4
Upper tail percentage points for the statistic (14) for i=1 and generalised to the case of 2 structural breaks
lambdas
perc. points
1/8, 1/4 1/8, 3/8 1/8, 5/8 1/4, 1/2 1/4, 7/12 1/3, 2/3
0.9 0.205 0.153 0.124 0.112 0.100 0.093
0.95 0.269 0.197 0.151 0.140 0.119 0.110
0.99 0.418 0.300 0.218 0.208 0.167 0.148
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TABLE 5
Size and power comparison between the LBI statistic (14) generalised to the case of two structural breaks (and for i=1) and
the simplified statistic (20)
lambdas
q
1/8, 1/4 1/8, 3/8 1/8, 5/8 1/4, 1/2 1/4, 7/12 1/3, 2/3
0 0.048 0.047 0.048 0.051 0.052 0.051
0.01 0.775 0.723 0.759 0.708 0.735 0.756
LBI 0.1 0.989 0.995 0.995 0.997 0.996 0.999
1 1 1 1 1 1 1
10 1 1 1 1 1 1
0 0.047 0.050 0.043 0.055 0.051 0.048
0.01 0.748 0.753 0.755 0.747 0.743 0.754
Simplified 0.1 0.994 0.997 0.998 0.998 0.996 0.999
1 1 1 1 1 1 1
10 1 1 1 1 1 1
Note: Simulation with T=200 and #replications=5000.
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TABLE 6
Upper tail percentage points for the unconditional breakpoint test
0.9 0.95 0.99
i=1 0.071 0.087 0.134
i=2 0.033 0.041 0.054
i=2a 0.071 0.089 0.125
i=2b 0.050 0.060 0.084
Note: simulation with T=500, #replications=5,000.
29
TABLE 7
A) Structural break in 1929 (lambda=0.34)
O =0 O =1 O =2 O =3 O =4 O =5 O =6 O =7 O =8 5% 5%
λ=0.3 λ=0.4
No break 0.630 0.337 0.242 0.198 0.173 0.158 0.148 0.141 0.137 0.149 0.149
Break in the level 0.322 0.182 0.138 0.118 0.107 0.101 0.096 0.093 0.091 0.105 0.123
Break in level and slope 0.195 0.111 0.086 0.075 0.070 0.068 0.068 0.068 0.070 0.079 0.066
Simplified statistic 0.529 0.301 0.232 0.204 0.191 0.186 0.184 0.186 0.191 0.247 0.247
B) Unconditional test (structural break in the level)
O =0 O =1 O =2 O =3 O =4 O =5 O =6 O =7 O =8 5% 1%
Inf-statistic 0.194 0.108 0.081 0.071 0.066 0.065 0.064 0.064 0.066 0.089 0.133
Breakpoint 1926 1926 1926 1926 1925 1920 1920 1920 1920 / /
C) 2 structural breaks: 1929 and 1945
O =0 O =1 O =2 O =3 O =4 O =5 O =6 O =7 O =8 5% 1%
Simplified statistic 0.889 0.552 0.468 0.449 0.452 0.463 0.479 0.501 0.548 0.332 0.428
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Figure 1.
Volume of the flow of the Nile (cubic metres x108)
Figure 2.
US gnp and fitted trend with a break in the level.
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Figure 3.
US gnp and fitted trend with 2 structural breaks.
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